ABSTRACT-A simple, free-surface, barotropic model and a nine-level, baroclinic model are numerically time integrated on both latitude-longitude grids and on Kuriharatype grids to compare the results obtained from the two grid systems. The prognostic variables are Fourier spacefiltered in the longitudinal direction on the latitudelongitude grids to permit the use of the same time-step length on both grids.
INTRODUCTION
Time integrations of the equations for atmospheric motion over the whole globe encounter special problems because no projection scheme is available for representing the entire surface of a sphere on a single plane without prohibitive distortion in some areas. Kurihara and Holloway (1967) integrated a nine-level, primitiveequations model on a global grid system proposed by Kurihara (1965) . Molloway and Manabe (1971) have pointed out problems that arise when the Kurihara grid is used for a long-period time integration of a global general circulation model. For example, excessive high pressure develops in polar regions and low-and highpressure belts systematically shifted toward the Equator.
We think that 'these deficiencies arise primarily because there are not enough gridpoints to resolve the curvature of the coordinate system in latitude circles near the poles. These difficulties may also be partly a consequence of the staggered positioning of grid boxes in the Kurihara grid.
An obvious solution to these problems is to use a grid defined as the intersections of latitude circles with meridians where the increments of latitude and longitude are nearly identical. However, a very short time step is required to insure computational stability on this grid because the east-west separation of grid points is very small near the poles. A time step short enough for stability in polar regions is wastefully short in low latitudes, and time integrations on this grid would, therefore, be exceedingly expensive unless this shortcoming can be overcome.
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The barotropic model is also time-integrated on a hemispheric, latitude-longitude grid, and the results compare well with a high-resolution control. The latter comparison is performed on initial dets having strong cross-polar flow.
The mean sea-level pressure distribution obtained from a 64-day time integration of the baroclinic model on a global, latitude-longitude grid is better than that derived fiom a similar model using a Kurihara grid of comparable resolution. For example, the tendency for the Kurihara grid model to predict excessive pressures in the north polar region is for the most part corrected by use of tha latitude-longitude grid.
Grimmer and Shaw (1967) tested this latitude-longitude grid by using a time step that is a function of latitude. They interpolated the predicted variables in time to link the different time levels that resulted from the variable time steps.
A more practical approach to this problem has been to filter out the short waves that cause the computational instability near the poles so that a uniform time step of practical length can be used throughout the grid. Mintz and Arakawa (Gates et al. 1971 ) filtered the zonal massflux variables and the zonal pressure gradient terms in the model equations. This filtering is accomplished by weighted averaging of these terms along latitude circles. The filter is designed in such a way that the degree of smoothing increases towards the poles.
Umscheid and Sankar-Rao (1971) used Fourier filtering for damping high wave-number components in the zonal fluxes and pressure gradient terms in their model computed on a modified Kurihara grid with considerably higher east-west resolution near the poles. This filtering permits the use of the same time-step length over the entire globe, despite the decreasing east-west grid spacing along latitude circles as the poles are approached. It is not possible, however, to determine the overall scale of the truncation when filtering is not applied uniformly to all terms in the tendency equations.
On the other hand, Vanderman (1970) used running means to filter high wave-number components from total tendencies computed by his barotropic model integrated on a global, latitude-longitude grid. As explained in the next section, this filtering method can cause computational instability under some circumstances.
The purpose of our work is to test the accuracy and stability of solutions of hydrodynamical equations solved on latitude-longitude grids with Fourier filtering of the basic prognostic variables. For ease in interpreting the results, we ruled out the practice of filtering only selected terms in the model equations. These experiments are carried out on both a barotropic and a baroclinic model.
FOURIER FILTERING
To prevent linear instability from occurring in the time integration on the latitude-longitude grid, we applied space filtering to all time-integrated variables a t each time step. Otherwise, a progressively shorter time-step length would have to be used as the time integration advances towards the poles, where the east-west gridpoint spacing becomes smaller (Grimmer and Shaw 1967) . The filtering methods adopted in this study limit the easewest wavelength of the shortest wave a t any latitude to approximately two grid distances at the Equator. The fact that this permits stable time integrations is proved in appendix 1. The minimum wavelength, Lmin is specified as Lm,n=4rraN-1
where a is the radius of the earth and N is the number of gridpoints in a latitude circle. This minimum wavelength is guaranteed by limiting the maximum wave number in the data a t any latitude, 8, to (2) 1 2 kmax=2T~~;:n COS e=-N COS e.
I n practice, kmax must, of course, be rounded to the nearest integer; and Lmin is thereby slightly altered.
This space filtering is accomplished by analyzing the data along each latitude circle into their Fourier components and resynthesizing the data with only the desired waves present. Effectively, no filtering is done a t the Equator. It can be shown that this filtering scheme has no significant effect on the quadratic conserving properties of fkite-diff erence equations because the truncated components are orthogonal to the retained ones.
According to our tests, the Fourier filtering method is better than the running-mean method proposed by Vanderman (1970) in one important respect. As pointed out by Holloway (1958), a running-mean filter can reverse the polarities of some short waves in addition to reducing their amplitudes. This can cause computational instability a t the wavelength of the negative response in a time integration of a model with frictional damping. Once a wave of this length is introduced into the flow, it cannot be removed because the running mean would reverse any tendency to suppress it; and, therefore, this wave would grow without bound. On the other hand, Fourier filtering removes all short wavelengths completely without any positive or negative residuals. Whereas it may be possible to time integrate a simple barotropic model on a latitudelongitude grid with running-mean filters (as Vanderman did), the negative response characteristics of equally weighted running averages would prohibit the stable time integration of a model with frictional damping. The magnitude of the negative response discussed here can be minimized by using a numerical filter that has unequal weights proportional to the ordinates of a normal curve. However, the results of a test with a barotropic model show that this filter tends to suppress the development of cutoff Lows, as discussed in section 4. 2 In the case of vector variables, we consider it desirable to transform the components to a polar stereographic projection before the Fourier filtering is performed. Without this transformation, a Fourier analysis of vector components around an entire latitude circle may introduce errors in cases where there is significant flow across the poles. As first pointed out by Shuman (1970) , the process of averaging two vector components in spherical coordinates at two widely separated longitudes can produce serious error near the poles because of the large difference in the directions of the unit vectors. Therefore, before the Fourier filtering is done on vector components, they are transformed into components in the directions of a set of two orthogonal unit vectors on a polar stereographic projection plane.
The stereographic components, Us and V,, are computed as follows: where h is the height of the free surface in geopotential units, f is twice the vertical component of the earth's rotation, t is time, g is the acceleration of gravity, and the other variables are as previously defined. See appendix 2 for the finite-difference versions of these equations. These equations are f i s t solved in a domain that covers a third of a hemisphere (120' in longitude). There is cyclic continuity a t the eastern and western boundaries and a free-slip condition a t the Equator (southern boundary).
The barotropic model is time integrated by the leapfrog method with a time step of 10 min except for the high-resolution control experiments to be described later. As insurance against the development of excessive gravity waves in the time integrations of this model, however, the so-called Euler-backward time differencing scheme (Matsuno 1966 , Manabe et al. 1970 ) is used periodically for eight consecutive time steps. This scheme is applied once approximately every day in the low-resolution time integrations and once every 1/4 day a t high reso1ution.w For further discussion on the computational aspects of this work, see appendix 3.
COMPARISON OF BAROTROPIC MODEL RESULTS WITH DIFFERENT GRIDS
To test the performance of the proposed new grid system, we integrated the barotropic model with respect to time on three grid systems: a latitude-longitude grid, a modified Kurihara grid, and a high-resolution, latitude-longitude or control grid. The low-resolution, latitude-longitude grid is shown in figure 1. The grid points are represented as dots at the centers of the trapezoid-shaped boxes. The dots are omitted from the northernmost two rows of boxes because of lack of space. There are 25 gridpoints in each latitude-circle segment, which spans 120' of The maximum wave number per sector permitted by the filtering procemre a t each latitude of the latitudelongitude grid is given in table 1. For each wave number listed in this table, there is a corresponding minimum wavelength,
Half of this wavelength,, which can be regarded as an effective east-west grid distance, is also listed in table 1. The north-south grid spacing is 527 km everywhere in this grid.
As a comparison with the results obtained from the above grid, the barotropic model equations were also integrated on the modified Kurihara grid shown in figure 2. On the original global Kurihara grid, the number of points on any given latitude circle is four greater than on the adjacent latitude circle toward the pole. The boxes are almost square near the Equator, but theybecome elongated in the east-west direction near the poles. On the modified Kurihara grid, the number of gridpoints in each latitude circle is adjusted so that the boxes are nearly Fquare everywhere, and the east-west resolution closely matches the north-south spacing a t all locations in the grid. The nearly constant grid distance averages about 530 km. There are 302 gridpoints in a 120' sector of this modified Kurihara grid.
To obtain a better estimate of the true solution to the time integration of the model, we integrated the model equations on a sector latitude-longitude grid with double the resolution of the latitude-longitude grid mentioned previously. This high-resolution grid has 38 rows and 1,900 points. The double-resolution, latitude-longitude grid should give a solution close enough to the actual to serve as an adequate standard for gaging the accuracy of the low-resolution runs. To avoid complicating the analysis, we performed the high-resolution control integration without space filtering so that a very short time step (12 s) was required to insure stability.
The initial conditions for these experiments are those used by Phillips (1959) , except that the wave number specified is 6 instead of 4. The initial geopotential height is given as a function of 8 and X and is shown in figure 3 . The velocity components are computed from a stream function that is consistent with the heights in the continuum. However, since the initial u and v components are computed from the analytic stream function by the same finite-difference operators as used in the time integration of the model, they are slightly out of balance with the analytically derived height field because of truncation error. Undoubtedly, this contributed to the generation of gravity waves in the subsequent time integration.
According to the analytic solution to these initial conditions, the waves should propagate eastward at a rate of 24.6'/day without change in shape. The analytic solution applies, however, to the case of nondivergent flow. Therefore, the phase speed of waves in the freesurface barotropic model integrated here will be only approximately this value.
The geopotential height fields a t 3 and 6 days for the time integrations on the three grid systems are compared in figure 4. If we assume that the high-resolution experiment (figs. 4A, 4D) is the most accurate time integration, the true divergent model solution has cutoff Low centers developing, rather than troughs merely moving without change in shape as the theory for nondivergent flow predicts. The low-resolu tion, latitude-longitude grid integration (figs. 4B, 4E) develops in close agreement with the control run except that there is significant retardation in trough location by the 6th day. On the other hand, the systems show considerable slowing in the modified Eurihara-grid integration (figs. 4C, 4F), and the flow pattern becomes irregular by the 6th day. Furthermore, the flow in the modified Kurihara-grid run tends to become more zonal than the integrations on the latitude-longitude grids. Some irregularities occur in the latitude-longitude grid results near the Equator (fig. 4E ). The reason for these irregularites is yet to be identified. Earlier experiments using filters with normal curve weighting suffered from retarded and suppressed development of cutoff Low centers. The Fourier filtering permits a more realistic development of the flow as indicated by the favorable comparison of the latitude-longitude grid run shown in figures 4B and 4E with the control experiment.
The wave propagation speeds are better studied and compared in figure 5 , in which time-longitude isopleths of meridional components of the wind are presented for the experiments with the three grids. At low latitudes, the troughs and ridges move eastward on all grids at about 23'/day or a t nearly the theoretical rate. At high latitudes, however, the trough movement slows after 4 days, even in the control integration. There is actually some retrograde motion a t 6 days in the low-resolution runs. With the modified Kurihara grid, the trough motion slows and reverses at an earlier day. Furthermore, this reversal occurs a t a lower latitude. Figure 5 also illustrates the irregular character of the flow patterns computed on the modified Eurihara grid even more than the height field maps.
The mean zonal wind a t 6 days is plotted against latitude in figure 6 for the three experiments. The initial . wind profile is shown in this figure as a thin solid line.
Notice that the initial zonal wind is 50 m/s from the west at the Equator and decreases monotonically to zero a t the pole. The true divergent barotropic solution, best portrayed here by the dashed curve for the control run, exhibits a peak in the zonal westerlies of about 100 m/s at 13' latitude and a minimum of 20 m/s from the east a t about 42' latitude. This profile is consistent with the presence of Lows that form a t about 30' latitude. At low latitudes, the wind profile of the modified Kuriharagrid run is similar in shape to those for the latitudelongitude grids, but poleward of 25' the profile is irregular and differs greatly from the winds obtained from the latitude-longitude grids.
The zonal mean geopotential height after 6 days is plotted against latitude in figure 7 for the three barotropic experiments, along with the initial zonal distribution of geopotential. Motice the pronounced computational mode in the modified Kurihara-grid profile in polar regions. The Polar heights computed On the modified =llfihara grid also tend to be much too high. As mentioned before, higher than normal polar pressures have been characteristic of previous time integrations on the Kurihara grid. Figure 7 shows that the latitude-longitude grid appears to have corrected these problems. The close agreement of the zonal winds of the latitude-longitude grid experiment with those of the control run is consistent with the agreement in height profiles. The slightly flatter height profile obtained from the low-resolution, latitudelongitude grid accounts for the somewhat lower peaks in the westerlies of the Tropics and the lighter easterlies in middle latitudes as compared with the computations on the high-resolution control grid. The mechanism for the development of rising heights near the poles in the modified Kurihara-grid time integration is clear from figures 5-7. The difference in phase speeds of the waves between latitudes, caused by the decreasing east-west resolution toward the poles, introduces errors in the momentum transport in the model. This, in turn, creates an unrealistic mean zonal wind distribution, which requires higher than normal heights in polar regions by the geostrophic wind relationship. Marked reduction in the difference in wave propagation speeds between latitudes, obtained on the latitude-longitude grid, corrects most of this tendency toward improper heights in polar regions.
TEST WITH CROSS-POLAR FLOW
The experiments described in the last section do not test the performance of the latitude-longitude grid in the case of strong winds across the pole because use of the 120° sector with cyclic continuity prohibits the introduction or development of cross-polar flow. Dey (1969) pointed out that divergence fields in the vicinity of the poles axe inaccurately computed on the Kurihara grid when there is strong cross-polar flow. Since this situation is common in the atmosphere, we tested the barotropic model on a case in which wind was allowed to blow across the pole.
T o perform this test, we expanded the sector model into a hemisphere. I n the low-resolution, hemispheric, latitudelongitude grid, there axe 19 rows of data as before; but the number of points in a latitude circle is 76, one more than three times the number in the 120° sector. The initial conditions for this experiment were again those of Phillips (1959) but with the wave number specified as 1 instead of 6 . This defines a single vortex offset from the pole. The initial geopotential height for this case is shown in figure  8A . The wind speed across the pole is 50 m/s initially.
The barotropic model was time-integrated on the lowresolution grid described previously and on a highresolution, hemispheric, latitude-longitude grid with twice the number of rows (38) and four times as many gridpoints (5,776) as in the former grid. The resolutions of these two grids are almost identical to those of the low-and high-resolution sector grids, respectively. The time-step lengths axe the same as before (600 and 12 s, respectively). The high-resolution run was made as a control experiment to gage the accuracy of computations of the Fourierfiltered, low-resolution grid model. finer grid, thus explaining the very short time steps used. The maximum wave number permitted at each latitude in the filtered low-resolution run is obtained from eq (2). Both time integrations were extended to 6 days. The h a 1 distributions of geopotential height derived on the two grids are shown in figure 8. After 6 days, the lowresolution results and the control run still appear similar. I n fact, the vortex has simply moved around the pole with little change in shape. The trough line has retrograded a t the rate of about 53O/day. Since the intervening distributions are not shown, the westward motion is not apparent in figure 8 because the vortex has almost returned to its original position. The analytically derived rate of retrograde motion for nondivergent flow is 94.4OIday. Apparently, in the model computations, divergence has slowed the trough motion to about half of the theoretical rate. The trough in the control run moved about 1 percent faster than in the low-resolution run.
The strong flow across the pole does not seem to cause the Fourier-filtered, latitude-longitude grid model any difficulty, and the results appear to be accurate as evidenced by the high-resolution control time integration.
THE BAROCLINIC MODEL
A global, nine-level, atmospheric general circulation model with surface topography is used for this test. The primitive equations of motion in spherical coordinates are time-integra ted on a global, latitude-longitude (GLL) grid. Except for the grid system, the structure of the baroclinic test model is identical to that of the general circulation model described in detail by Holloway and Manabe (1971) (hereafter referred to as study HM).
The grid system used in that study was the low-resolution Kurihara grid having 24 rows of gridpoints between the poles and the Equator (designated as N24 in study HM).
Fourier space filtering of the predicted variables is done on the GLL grid. The procedure for filtering is identical to that used for the barotropic model, as discussed in section 2, except that the space filtering is done only from 45' latitude to the poles for the global experiment. The length of the time step remained unchanged a t 10 min with this modification. It is necessary to space-filter the surface topography in exactly the same way as the predicted variables in this model to prevent the occurrence of topography-induced gravity waves in the time integration.
The grid system for the GLL grid model is an expanded version of the latitude-longitude grid used for the barotropic model ( fig. 1 ) with slightly less east-west resolution. Each latitude circle contains 66 gridpoints, and each hemisphere has 19 rows of gridpoints between the Equator and the pole. The north-south grid distance is 527 km everywhere. The east-west grid spacing at low latitudes ((0<45O) is given in table 2. At latitudes where the space filtering is done, the table gives an effective east-west grid distance that is half of the minimum wavelength permitted by the filtering procedure. Also listed in table 2 is the maximum wave number a t each latitude.
The initial condition for the numerical time integration of the GLL grid model is data interpolated from day 302 of the N24 Kurihara grid model experiment. The integration was terminated after 64 days, and the final 20-day period was time averaged. During this period, the model atmosphere had not yet reached a state of thermal equilibrium. The results presented here, however, should be similar to the mean model atmosphere that would have been attained on the GLL grid.
In the grid system that was used for the N24 Kurihara grid model, the gridpoints at each latitude are staggered with respect to those at adjacent latitudes. There are 96 gridpoints along the Equator, decreasing to only four gridpoints in the latitude circles nearest the poles. The north-south grid distance is 417 km everywhere, and the east-west grid spacing increases from 417 km at the Equator to 650 km near the poles. Complete details of that computational grid are given in study HM. The east-west resolutions of the N24 Kurihara grid and the N19 GLL grid are comparable, but the north-south resolution of the N24 Kurihara grid is actually better than that of the GLL grid.
The discussion of results from the two different grids will be confined to the sea-level pressure distribution. Simulation of this feature was one of the severest shortcomings of the Kurihara grid model, as pointed out in study HM. The zonally averaged sea-level pressure versus latitude for the GLL grid model and for the N24 Kurihara grid model is shown in figure 9 . Also shown in this figure is the observed pressure distribution for January from sphere, and from Taljaard et al. (1969) for the Southern Hemisphere. Several interesting features are evident. In the Northern Hemisphere polar region, the GLL grid model has mean sea-level pressures that are nearly 30 mb lower than those of the Kurihara grid model. The Northern Hemisphere sub tropical high-pressure belt has also intensified and moved closer to the observed profile. These encouraging results are not reflected in the Southern Hemisphere, however, where the results from the GLL grid are only a slight improvement over those from the Kurihara grid model. Evidently, the mechanism for producing the intense storm belt along the periphery of the Antarctic continent is not related to the choice of grid configuration. The reasons for this unrealistic feature are still being investigated, but they may be partly related to the coarseness of the grid resolution. I n study HM, figure 7 shows that the meridional surface pressure gradient is increased in midlatitudes when the horizontal grid resolution is increased.
The GLL grid model has zonal mean sea-level pressures in the Northern Hemisphere subpolar region that are lower than the observed by as much as 7 mb. This feature is caused by a very intense Aleutian Low in the model. Because of the imposed insolation for January throughout the model integration, the Northern Hemisphere polar region becomes abnormally cold with excessive snow cover over the continents. As a result, the land-sea temperature contrast is enhanced, and this exaggerates the development of the Aleutian Low. Crutcher and Meserve (1970) for the Northern Hemi? /
CONCLUDING REMARKS
There is considerable improvement in the results of the barotropic model, integrated on the sector latitudelongitude grid, over results from the same equations solved on the modified Kurihara grid with comparable resolution. The appearance of the height fields after 6 days, obtained from the latitude-longitude grid, is much closer to the control run results than those obtained on the modified Kurihara grid. The errors produced by the modified Kurihara grid are most pronounced near the poles, in agreement with other models using this type of grid.
The time integration of the barotropic model on the low-resolution, hemispheric, latitude-longitude grid is almost identical with the one performed on the highresolution control grid without the use of Fourier filtering. Despite the strong flow across the poles in the initial data, no apparent errors or irregularities occurred during the 6-day run. The results obtained by integrating the baroclinic model on the global latitude-longitude grid are also better than those simulated on the Kurihara grid system in respect to the feature of the time integration most subject to error on the latter grid; namely, sea-level pressure in high latitudes.
APPENDIX 1: STABILITY ANALYSBS FOR LATITUDE-LONGITUDE GRID
To show how filtering permits the retention of a normallength time step even in the region of small spacing near the poles of the latitude-longitude grid, one must only perform a stability analysis on a simple system of equations. Consider the following equations, which govern a one-dimensional shallow water wave :
where u is velocity, t is time, g is the acceleration of gravity, h is the height of the disturbed fluid, x is the space dimension, and H is the total depth of the fluid at rest. If u and h are defined on the same grid, the finitedifference versions of eq (10) Substituting the above definitions into eq (12) and (13), we obtain the following relation after differentiating the modified eq (12) with respect to time and combining these two equations into one: where and a=&-' sin (kd) (17) c2=gH.
(18)
The finite-difference version of eq (16) in centered leapfrog form is Let u,=AeivTA~ where At is the time-step length. After substituting this definition into eq (19), we get
X2+X-2-2= --(2AtQ)' where
Solving eq (20) for X, we obtain
If IQAtI is less than one, then the absolute value of the complex ratio X is equal to one, which represents neutral stability. However, if lQAtl is greater than one, the absolute value of X is greater than one, and the equations are amplifying and unstable. Using eq (17) and manipulating factors, we obtain the stability criterion
where L is the wavelength corresponding to wave number k according to the formula
L=%k-'. (24)
Therefore, if the mhimum value of L is increased by filtering, the time-step length, At, may be increased without creating linear instability. Cf,5=f,+a-1uf, tan ej. where Ae=%lrN-', I , is the number of gridpoints in row j , and N is the number of gridpoints between the pole and the Equator. The indices i and j increase eastward and northward, respectively. More details on the box method used in formulating these equations are given by Kurihara and Holloway (1967) .
In the modified Kurihara grid, where each box generally has more than one north and one south contiguous neighbor, the above equations are modified to allow for contributions from more than one neighbor in each direction. These contributions are weighted by the relative lengths of the interfaces between the central box and the two or three neighbors in the direction considered.
APPENDIX 3: COMPUTATIONAL CONSIDERATIONS
I n regard to accuracy of meteorological results, the latitude-longitude grid is a better grid system on which to solve the finite-difference equations for our models than a Kurihara-type grid of comparable resolution.
No penalty in decreased time step is required for computational stability in the latitude-longitude grid time integration if the Fourier space filtering is done properly.
The latitude-longitude grid model, however, runs more slowly on the computer than the modified Kurihara grid model for two reasons. First, there are more than one and a half times as many gridpoints in a latitude-longitude grid than in the modified Kurihara grid. This handicap is, nevertheless, nearly offset by the fact that a typical Kurihara grid box generally has six surrounding gridpoints, whereas all boxes on the latitude-longitude grid have only four contiguous boxes except a t the poles, where there are only three.
Secondly, the latitude-longitude grid time integration runs slower than that on the Eurihara grid because of the additional computer time required by the Fourier filtering. Fast Fourier techniques are now available for performing Fourier analyses on computers rapidly and efficiently. To take advantage of these new methods, one must be sure that the number of points per row is a power of two or a t least divisible by four. Unfortunately, only two of the grids used in this paper satisfied this requirement. Efficiently programmed, the filtering method described here should not need more than 10 percent more computer time than that required for the rest of the time integration in a typical general circulation model.
Furthermore, the next generation of computers will have much more parallelism than the computers on which these experiments were done. Models with rectangular arrays of data will run much more efficiently on the new machines than those with nonrectangular grids. It is possible that on these computers no significant machine time penalty will result from solving model equations a t the additional polar gridpoints on the latitude-longitude grids described here.
Even if computation time on latitude-longitude grids cannot be reduced to that required on other global grids, the advantage of more accurate time integrations of model equations is ample justification for using the new grid system. Furthermore, programming a computer for a model solved on a latitude-longitude grid is easier than on most other global grid systems. Simplicity of programming is accompanied not only by reduced human effort in preparing the model for the computer, but also by greater computational efficiency on the machine.
